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We use unitarity and analyticity of scattering amplitudes to constrain fermionic operators in the
standard model effective field theory. For four-fermion operators at mass dimension 8, we scatter
flavor superpositions in fixed standard model representations and find the Wilson coefficients to be
constrained so that their contraction with any pair of pure density matrices is positive. These con-
straints imply that flavor-violating couplings are upper-bounded by their flavor-conserving cousins.
For instance, LEP data already appears to preclude certain operators in upcoming µ → 3e mea-
surements.
Introduction.—Results from the Large Hadron Collider
provide a remarkable affirmation of the Standard Model
(SM). Beyond the discovery of a SM-like Higgs, higher-
order predictions have been validated to unprecedented
levels, demonstrating that the SM provides an adequate
description of many TeV-scale phenomena. While these
results bring into question naturalness arguments that
had suggested new physics should emerge at these ener-
gies [1, 2], they only strengthen the basic principles of
quantum field theory, such as unitarity and analyticity,
that underlie the SM. In this Letter, we will demonstrate
that no matter in what guise new physics ultimately ap-
pears, as long as it obeys these same basic tenets, there
are nontrivial flavor constraints on the types of interac-
tions it can produce.
If new physics is too heavy to be produced on-shell, it
can still leave experimental imprints via off-shell states.
The appropriate language to describe observables in this
scenario is an effective field theory (EFT) of the low-
energy degrees of freedom, in this case of the SM. At
each mass dimension in the SMEFT, there is a basis of
gauge and Lorentz invariant operators [3, 4]; new physics
can be differentiated only through the specific values of
the SMEFT Wilson coefficients, the last vestige of the
ultraviolet (UV) completion. The naive expectation may
be that the SMEFT Wilson coefficients can take on any
value consistent with current experimental constraints.
But this expectation is wrong.
Instead, infrared (IR) consistency—analytic and uni-
tary properties of scattering amplitudes, causality, etc.—
only holds for a subset of all possible EFT Lagrangians.
As shown in Refs. [5–8], the s2 coefficient of the forward
scattering amplitude can, by virtue of analyticity and the
optical theorem, be written as an integral over the cross
section and hence must be positive, thereby constraining
the Wilson coefficients. This principle of bounding EFTs
via IR consistency has been used to constrain a litany of
theories, including fermionic scattering [9]. However IR
consistency bounds are only beginning to be systemati-
cally applied to the SMEFT; see Ref. [10] and references
therein [11].
In this Letter, we investigate the implications of these
bedrock field theory principles for the fermionic sector
of the SMEFT. Since the optical theorem arguments of
Refs. [5–8] require amplitudes ∝ s2 in the forward limit,
we must consider dimension-8 operators. We demon-
strate that for a large class of such operators, analytic-
ity and unitarity place rigid constraints on the allowed
flavor structure. We consider operators of the schematic
form cmnpq∂2(ψ¯mψn)(ψ¯pψq), where the indices mnpq in-
dex flavor. Consistency of the EFT will require that the
Wilson coefficients cmnpq are positive when contracted
with an arbitrary pair of pure density matrices. The
simplest consequence of this will be that flavor diagonal
interactions must obey positivity, e.g., c1111 > 0. Yet
we also find that any flavor-violating interactions will be
strictly bounded by a flavor-conserving analogue. More
generally, the full flavor space of operators will be sub-
ject to a complicated set of inequalities. While the con-
ventional challenge of detecting dimension-8 operators
persists, these predictions allow for a test of whether an
emerging new physics signal arises from a sector that
is consistent with IR field theory axioms. Detection of
nonzero Wilson coefficients outside of the region allowed
by our bounds would falsify analyticity (i.e., locality),
unitarity, or Lorentz invariance in the UV.
We organize the remainder of this Letter as follows.
First we construct the basis of fermionic operators we
will consider. Next we compute scattering amplitudes
for fermions in a superposition of generations and derive
our family of positivity bounds, demonstrating the pre-
cise conditions imposed on the Wilson coefficients. We
explain the consequences of these constraints for flavor
violation and demonstrate how these bounds are pre-
cisely satisfied in example UV completions. Finally, we
explore phenomenological implications.
Operators.—We wish to consider dimension-8 four-fermi
operators in the SMEFT [12]. Our field content consists
of the left-handed quark and lepton multiplets Q and L
and the right-handed lepton e and up- and down-type
quark multiplets u and d, where all quarks are triplets
of SU(3) and Q and L are doublets of SU(2). Each field
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carries a generation index running from 1 to Nf , where
in the SM Nf = 3. We implicitly sum over repeated fla-
vor indices throughout. For the purposes of the present
Letter, we will restrict ourselves to consideration of scat-
tering of eigenstates of the SM gauge group, which in the
SMEFT means that we require the basis of operators
containing at an even number of each type of fermionic
field (modulo flavor).
Building a minimal basis of operators requires
modding out by symmetries, spinor/tensor identities
(Fierz, Schouten, Levi-Civita), completeness relations
for SU(N) generators, integration by parts, and field re-
definitions. As in Ref. [10], we will work in the unbroken
phase of the SMEFT, meaning we can treat the fermions
as effectively massless (/∂ψ = 0); this is equivalent to the
assumption that the UV scale of the higher-dimension
operators far exceeds SM fermion masses. As chirality
and helicity coincide in the massless limit, we will scatter
definite-helicity states of appropriate handedness.
Our basis of operators is given in Eqs. (2–4). For fields
ψm, let us define currents charged under the SM gauge
group,
Jµ[ψ]mn= ψ¯mγµψn Jµ[ψ]amn= ψ¯mT aγµψn
Jµ[ψ]Imn= ψ¯mτ Iγµψn Jµ[ψ]Iamn= ψ¯mτ IT aγµψn,
(1)
where τ I and T a are the generators of SU(2) and SU(3),
respectively. The self-quartic, self-hermitian operators
are then:
O1[ψ] = cψ,1mnpq∂µJν [ψ]mn∂µJν [ψ]pq, ψ = any
O2[ψ] = cψ,2mnpq∂µJν [ψ]Imn∂µJν [ψ]Ipq, ψ = L,Q
O3[ψ] = cψ,3mnpq∂µJν [ψ]amn∂µJν [ψ]apq, ψ = d,u,Q
O4[Q] = cQ,4mnpq∂µJν [Q]Iamn∂µJν [Q]Iapq .
(2)
Here, “any” denotes ψ being able to take on each of the
SM fermionic fields, Q, L, e, u, or d. The Wilson coeffi-
cients are written as tensors cmnpq in flavor space, tak-
ing complex values subject to the symmetrization con-
dition cmnpq = cpqmn and the self-hermitian condition
cmnpq = c∗nmqp. Imposing both leaves N2f (N2f +1)/2 real
operators for each choice of ψ in each line.
The remaining operators we consider are self-
hermitian cross-quartics and come in two types. First,
OJ1[ψ,χ]=bψχ,1mnpq∂µJν [ψ]mq∂µJν [χ]np, ψ,χ=any
OJ2[Q,L]=bQL,2mnpq∂µJν [Q]Imq∂µJν [L]Inp,
OJ3[ψ,χ]=bψχ,3mnpq∂µJν [ψ]amq∂µJν [χ]anp, ψ,χ∈{d,u,Q},
(3)
where in each line ψ 6= χ and bψχmnpq = bχψnmqp so
that OJ [ψ, χ] = OJ [χ, ψ]. Defining the singlet ten-
sor Kµν [ψ]mn = ψ¯mγµDνψn and the fundamental
tensors Kµν [ψ]Imn = ψ¯mτ IγµDνψn and Kµν [ψ]amn =
ψ¯mT
aγµDνψn [13], we also have
OK1[ψ,χ]=−aψχ,1mnpqKµν [ψ]mqKνµ[χ]np, ψ,χ=any
OK2[Q,L]=−aQL,2mnpqKµν [Q]ImqKνµ[L]Inp
OK3[ψ,χ]=−aψχ,3mnpqKµν [ψ]amqKνµ[χ]anp, ψ,χ∈{d,u,Q},
(4)
again requiring ψ 6= χ in each line and aψχmnpq = aχψnmqp
so that OK [ψ, χ] = OK [χ, ψ]. For each tensor a and
b, the entries are complex numbers, subject to the self-
hermitian condition amnpq = a∗qpnm. This gives N4f real
operators for each choice of ψ, χ on each line. For Eq. (4),
in the cases where both fermion bilinears have the same
chirality (e.g., OK1[d,u]), we can use Fierz identities to
rewrite the operator into the ∂J∂J form at the cost of
making SM gauge indices explicit:
OK1[d,u] = −12a
du,1
mnpq∂µ(u¯nσγνdqτ )∂µ(d¯mτγνupσ), (5)
writing σ, τ for fundamental SU(3) indices. The counting
of operators in Eqs. (2–4) matches Ref. [4] (which does
not provide the explicit forms of the operators) [14].
Amplitudes and Bounds.—We now wish to investigate
the implications of imposing unitarity and analyticity of
scattering amplitudes on the fermionic SMEFT opera-
tors discussed above. We first consider the operators in
Eq. (2) and scatter states in an arbitrary superposition
of flavors, but in afixed SM representation (i.e., a super-
position of generations). Let us first scatter right-handed
leptons via O1[e]; we take the states to be
|ψ1〉 = αm |e¯m〉 |ψ2〉 = βm |em〉
|ψ3〉 = γm |e¯m〉 |ψ4〉 = δm |em〉
(6)
and require γm = β∗m and δm = α∗m for forward scatter-
ing (i.e., |ψ1〉 ↔ 〈ψ4| and |ψ2〉 ↔ 〈ψ3|). Fixing helicities,
we obtain the forward amplitudes [15]:
A(e¯−e+e¯−e+)=A(e¯−e¯−e+e+)=4ce,1mnpqαmβnβ∗pα∗qs2. (7)
Unitarity and analyticity then imply that
ce,1mnpqαmβnβ
∗
pα
∗
q > 0 for all vectors α and β.
Combining these vectors into matrices as ραmq = αmα∗q
and ρβnp = βnβ∗p , we define
ce,1αβ = c
e,1
mnpqρ
α
mqρ
β
np. (8)
An analogous definition can be made for the remaining
a, b, and c tensors in Eqs. (2–4). As ρα and ρβ are
hermitian, idempotent, and of unit trace, they can be
considered density matrices for pure states on a Hilbert
space of dimension Nf , for which ραmq = αpα∗q represents
the Schmidt decomposition. The e4 bound can then be
expressed as the requirement that ce,1αβ is positive for ev-
ery pair of pure density matrices ρα and ρβ , i.e.,
ce,1αβ > 0 ∀ α, β. (9)
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Figure 1. Positivity bounds from Eq. (9) on the parameter space of a two-flavor theory. In this example toy model, we enforce
CP symmetry so that all ce,1mnpq ∈ R. For simplicity, in this illustration we further identify various Wilson coefficients, defining
c = c1111 = c2222 = c1221, c0 = c1122, c1 = c1112 = c1222, and c2 = c1212, so that c, c0 are flavor-conserving, while c1 (c2) violates
flavor by 1 (respectively, 2) units. Consistency demands that c > 0 and, defining xi = ci/c, that −2+4|x1| < x0+x2 < 2 and
2|x0 − x2| < 2− x0 − x2 +
√
(x0 + x2 + 2− 4x1)(x0 + x2 + 2 + 4x1), for which projections are depicted above.
The space of Wilson coefficients satisfying this bound
possesses nontrivial structure as illustrated in Fig. 1 [16].
For the L4 operators in Eq. (2), we can write |ψ1〉 =
αmiLmi and |ψ2〉 = βmiLmi, where the complex coef-
ficients α and β carry both a generation and funda-
mental SU(2) index. Using the generator completeness
relation, the forward amplitudes A(ψ¯+ψ−ψ¯+ψ−) and
A(ψ¯+ψ¯+ψ−ψ−) both equal
A = 4s2 [(cL,1mnpq − 14cL,2mnpq)α∗miβniβ∗pjαqj
+ 12c
L,2
mnpqα
∗
miβnjβ
∗
pjαqi
]
.
(10)
Marginalizing over all generation indices and SU(2)
charges, we find that the bounds become
cL,1αβ + 14c
L,2
αβ > 0 and c
L,2
αβ > 0. (11)
Proceeding analogously for u4, d4, and Q4, we find:
cu,1αβ + 13c
u,3
αβ , c
Q,1
αβ + 14c
Q,2
αβ + 13c
Q,3
αβ + 112c
Q,4
αβ ,
cu,3αβ , c
Q,2
αβ + 13c
Q,4
αβ ,
cd,1αβ + 13c
d,3
αβ , c
Q,3
αβ + 14c
Q,4
αβ ,
cd,3αβ , c
Q,4
αβ
are all > 0.
(12)
Let us now bound the cross-quartic operators. We
start by scattering e and d, so we take |ψ1,4〉 as in Eq. (6),
with δm = α∗m, but take |ψ2,3〉 to instead be βmi |dm〉 and
β∗mi
∣∣d¯m〉, respectively. The forward amplitudes are
A(e¯−d+d¯−e+)=A(e¯−d¯−d+e+)=ade,1mnpqαmβ∗niβpiα∗qs2. (13)
In analogy with Eq. (9), we find that the combination
ade,1αβ = ade,1mnpqραmqρβnp is positive:
ade,1αβ > 0. (14)
The operator OJ1[d,e] does not contribute to this ampli-
tude in the forward limit. Analogously,
aue,1αβ , a
eL,1
αβ , a
dL,1
αβ , a
uL,1
αβ , a
eQ,1
αβ are all > 0. (15)
For the cross-quartic operators involving fermion bilin-
ears with nontrivial SU(2) and SU(3) charges, we pro-
ceed as in the self-quartic case, marginalizing over the
charges to find the necessary and sufficient bounds:
aQL,1αβ ± 14aQL,2αβ , adu,1αβ + 1±312 adu,3αβ ,
adQ,1αβ + 1±312 a
dQ,3
αβ , a
uQ,1
αβ + 1±312 a
uQ,3
αβ ,
are all > 0.
(16)
Flavor Violation.—The requirement in Eq. (9) has an
important physical interpretation in terms of flavor. To
demonstrate, let us again for simplicity consider e4 oper-
ators (where for brevity we drop the “e, 1” superscript);
our conclusions will apply to any of the positivity state-
ments we prove in Eqs. (9, 11, 12, 14–16). Our bounds
imply that various flavor-conserving operators must have
positive coefficient. For example, if αm = δ1m and
βm = δ2m, we obtain c1221 > 0, while if αm = βm = δ1m,
we find c1111 > 0. Moreover, if ρα or ρβ have off-diagonal
support, we find components of cmnpq with magnitudes
upper-bounded by their diagonal analogues. To illus-
trate, taking αm = δ1m and βm = δ2m cos θ+δ3meiφ sin θ
and marginalizing over (θ, φ), we obtain:
c1221c1331 > |c1231|2. (17)
This condition is notably similar to the completing-the-
square condition we found in the context of CP viola-
tion in Ref. [10]; indeed, those bounds can be recast in
the form of Eq. (9) by scattering superpositions of he-
licity (instead of flavor). Here, however, the implication
3
is that an interaction that violates lepton number such
that (∆Lµ,∆Lτ ) = (+1,−1) is allowed, but only if the
analogous flavor-conserving operators are also nonzero.
Similar statements hold for the relation between oper-
ators that violate and conserve other flavor quantum
numbers, such as strong isospin or strangeness. In fact,
there is a connection to CP in our results. Any CP-
violating effects mediated by the operators considered
here can be bounded as in Eq. (17), which can be seen
as follows. Violation of CP requires an imaginary coef-
ficient for our operators, whereas the hermiticity condi-
tion demonstrates that this is only possible for flavor-
violating couplings. Accordingly, conservation and vi-
olation of both CP and flavor are connected, implying
our results for flavor can be lifted to CP. The result can
be generalized further; it extends to the violation of any
U(1) under which the fermions are charged.
The full set of relations between Wilson coefficients
extends beyond Eq. (17), even for Nf = 2 as shown in
Fig. 1. As depicted there, conditions also exist between
certain flavor-conserving operators, such as c > |c0|/2
for the example in the figure. More generally, flavor
conserving operators that induce scattering amplitudes
∝ st (which vanish in the forward limit), such as c1122,
are bounded by those that scale ∝ s2.
UV Completion.—The completing-the-squares condition
of Eq. (17) is suggestive of a UV completion [10].
Suppose L ⊃ −m2φµνmnφ∗µνmn + (myφµνmn∂µJν [e]mn +
h.c.) for some complex SM singlet fields φµνmn. Af-
ter integrating out φµνmn, we have the low-energy action
|y|2δmqδnp∂µJν [e]mn∂µJν [e]pq, which is consistent with
our bounds as ce,1αβ = |y|2Tr[ρα]Tr[ρβ ] = |y|2 > 0.
While a higher-spin coupling does not generically pro-
duce a UV completion with cutoff larger than the mass
of the field, such a theory that does is that of a mas-
sive tensor with ghost-free Fierz-Pauli mass term cou-
pled minimally to the energy-momentum, κφµνTµν [17–
19]. For simplicity, taking Tµν to be that of the SM
multiplet em, integrating out φµν generates O1[e] with
Wilson coefficients ce,1mnpq = κ2(4δmqδnp − δmnδpq)/2m2.
As expected, virtual graviton exchange generates only
flavor-conserving operators [20]. Again our bounds are
satisfied as ce,1αβ = κ2(4|α|2|β|2 − |α · β|2)/2m2, which
is positive by the Cauchy-Schwarz inequality. Such a
Kaluza-Klein graviton is a generic feature of string com-
pactifications and models of extra dimensions; see for
example Ref. [21] and references therein.
Phenomenology.—Projecting our bounds onto the space
of experimental searches for beyond-the-SM (BSM) phe-
nomena provides connections between naively disparate
paths into the new physics landscape. For example,
nonzero ce,11112 leading to the discovery of Br(µ → 3e) ∼
10−16–10−12, as targeted by Mu3e [22, 23], would be
in conflict with our bounds. Writing |ce,11112| = Λ˜−4,
a discovery would require Λ˜ ∼ 100–300 GeV. Unitar-
ity/analyticity imply ce,11111c
e,1
2112 > |ce,11112|2, so taking
ce,12112 ∼ ce,11111 = Λ−4, there is a flavor conserving effect—
potentially observable at a collider—that cannot be de-
coupled: Λ˜ > Λ. Collider measurements may be less
sensitive than rare decay searches, but can be enhanced
through the higher-dimension operator interference with
the SM. For fermion pair production at LEP, recast
dimension-6 limits require Λ & 500 GeV [24, 25], in viola-
tion of our bounds. These estimates are not a dedicated
analysis, but highlight that collider constraints, together
with our bounds, already impact flavor violation probes.
The above example used only the conical constraint of
Eq. (17). More generally, detection of nonzero SMEFT
coefficients—and measurement of their signs via SM
interference—would allow the richer structure in Fig. 1
to be experimentally tested. Wilson coefficients mea-
sured at different energies must be evolved to a common
scale in order to apply analyticity bounds [26–28], and a
theory that satisfies the bounds at one scale should also
do so deeper into the IR [29].
While our bounds apply to dimension-8 operators, in
many BSM scenarios dimension-6 four-fermi operators
are induced as well, the latter giving rise to the leading
deviations from the SM. Dimension-8 effects are sup-
pressed in the S-matrix by (ΛIR/ΛUV)2 with respect to
dimension-6, where ΛUV is the new physics scale and
ΛIR denotes the experimental probe. Above, ΛIR ∼ mµ
for µ→ 3e, whereas for e+e− collisions, larger values of
ΛIR ∼
√
s (∼ electroweak scale for LEP) can be achieved
by isolating the hard contribution to kinematic distribu-
tions. Certain operators of dimension 6 and 8 can be
disentangled by angular dependence in scattering [30] or
other kinematic scaling differences, e.g., the high-pT tail
of collider distributions (see, e.g., Refs. [31, 32]).
Higher-scale probes are therefore particularly relevant
for dimension-8 operators, even for rare flavor-changing
processes where lower-energy measurements are the most
sensitive at the level of the branching ratios. For ex-
ample, although Br(τ → 3e) . 10−8 is weaker than
Br(µ → 3e) . 10−12, as (mτ/mµ)4 ∼ 105 it probes a
slightly higher scale. Similarly, as (mt/mµ)4 ∼ 1013,
flavor-changing neutral current decays of the top are
likely to be particularly sensitive probes [33–35]. Beyond
the dimension-8 qualifier, traditionally promising av-
enues for establishing BSM flavor violation such as neu-
tral meson mixing remain sensitive [36, 37]. For flavor-
conserving interactions, important probes are likely to
be nonresonant dilepton or dijet events at colliders [38–
41], where the reach can be enhanced using events with
ΛIR ∼
√
s [25, 42, 43].
This discussion is not exhaustive, but highlights
how our bounds can give rise to striking correlations
among experiments. Higher-dimension operators among
fermions have long been considered a compelling exper-
4
imental target, including TµνTµν interactions [21, 44]
such as the Kaluza-Klein model we considered above,
models of leptoquarks [45], and fermion composite-
ness [46–48]. Wilson coefficients of dimension-6 ana-
logues of the operators in Eqs. (2–4) have been bounded
into the TeV scale via dijet, dilepton, diphoton, and top
production measurements at the LHC [38, 49–54], as well
as via neutrino scattering and parity violation [55].
Assumptions about the flavor structure of new physics,
such as minimal flavor violation (MFV) [56–58] or more
general structures (e.g., Ref. [59]), are independent of
our bounds. While MFV enforces certain flavor struc-
tures, it imposes no requirements on the signs of cou-
plings, so MFV theories do not automatically obey our
bounds. Moreover, there are BSM flavor phenomena un-
protected by our bounds, e.g., lepton universality; mo-
tivated by hints of lepton universality violation in mea-
surements of RK [60, 61] and RK∗ [62], a scenario in
which aQL,i3112 6= aQL,i3222 could generate unequal contribu-
tions to Γ(B→K(∗)e+e−) and Γ(B→K(∗)µ+µ−) while
remaining consistent with our conditions. (For an anal-
ysis relevant to the SMEFT, see Ref. [63].)
This Letter leaves multiple avenues for future work.
While we have restricted our attention to scattering fla-
vor superpositions in fixed SM representations, analyt-
icity for superpositions of representations would lead to
further connections between different operators, as in the
case of bosons [10]. This would allow for bounds on op-
erators violating baryon and lepton number and connect
the associated experimental searches.
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